For the coupled system of classical Maxwell-Lorentz equations we show that the quantities
Introduction
It is well known that a formal application of the Noether theorem to the global U(1) symmetry of QED gives conservation of the electric charge. It is less well known that a similar reasoning applied to the local gauge symmetry ensures conservation of the spacelike asymptotic flux of the electric field 1 φ(n) := lim r→∞ r 2 n · E(nr), n ∈ S 2 .
(1.1)
The relevance of such asymptotic quantities for qualitative understanding of infrared problems has been known for long [Bu82] . Intriguing relations between asymptotic symmetries, soft-photon theorems and memory effects, recently pointed out by Strominger, led to a revival of interest in this subject (see [St17] for a review). Thus there is every reason to advance rigorous mathematical understanding of asymptotic constants of motion in classical and quantum electrodynamics.
In this paper we prove the existence of a large family of asymptotic constants of motion, including (1.1), for a classical system of coupled Maxwell-Lorentz equations, also known as the Abraham model (see Section 2). This system describes one (spatially extended) electron interacting via the Lorentz force with the electromagnetic field. The existence and uniqueness of solutions for this model and the long-time asymptotics was clarified by the works of Komech and Spohn [Sp, KS00] which provide the basis for the present investigation. These authors emphasized the role of the traveling wave (or soliton) solutions, which have the form (E(x, t), B(x, t), q(t), v(t)) = (E v (x − q − vt), B v (x − q − vt), q + vt, v), (1.2) where E, B, q, v denote the electromagnetic fields, the position and velocity of the electron, respectively. E v and B v are concrete functions which can be obtained by minimizing the total energy of the system at fixed momentum. Of course, E v=0 is simply the Coulomb field of the electron at rest. For arbitrary |v| < 1 we have (in Fourier space)Ê
where eϕ ∈ C ∞ 0 (R 3 ) describes the charge distribution of the electron. For sufficiently small e and suitable initial data Komech and Spohn showed that
where the scattered radiation fields E sc,± satisfies the homogeneous Maxwell equations. The existence of the asymptotic velocities of the electron v ±∞ = lim t→±∞ v(t) is an important intermediate result from [Sp, KS00] . Let us now describe in more detail the findings of the present paper. Under slightly more restrictive assumptions than Komech and Spohn, we show that
depends only onx := x/|x| and is a constant of motion. That is, if the limit exist for t = 0 then it exists for arbitrary t ∈ R and has the same value. Clearly, the spacelike asymptotic flux of the electric field (1.1) inherits the properties of E. For the discussion of infrared singularities it is convenient to have a counterpart of (1.5) in momentum space. We introduce
which is a constant of motion in the same sense as E. We verify that it has a decomposition
which reflects the asymptotic decoupling in (1.4) for the two time directions. Hence, due to the conservation of E we obtain the following variant of the softphoton theorem , we obtain non-trivial information about the timelike asymptotics of solutions of the coupled Maxwell-Lorentz system: Namely, at least one of the scattered fields E sc,± (incoming or outgoing) must have a 1/|k| singularity for small |k|.
Although we consider only the Maxwell-Lorentz system with one electron in this paper, we expect that soft-photon theorems similar to (1.8) are true for a much larger class of systems. Natural future research directions include the case of many, possibly spinning electrons, as discussed in [Sp] . Actually, for any system of non-linear PDE, admitting long-time asymptotics in terms of soliton solutions, one can try to formulate and prove relations similar to (1.8).
This paper is organized as follows. In Section 2 we provide some background material about the existence of solutions and scattering theory of the MaxwellLorentz system. In Section 3 we prove the existence of the constant of motion (1.5) and in Section 4 of its counterpart in momentum space (1.6). Section 5 contains the proof of our main result, which is the soft-photon theorem (1.8). In the Conclusions we discuss briefly the infrared problem in QED from the perspective of our findings.
Preliminaries
We give an introduction to the Abraham model. All proofs can be found in [Sp, KS00, Ho18] .
The equations of motion for the Maxwell-Lorentz system
We are interested in the dynamics of well-localized charges representing charged particles of finite extension. In the course of this discussion, let e be the charge of such a particle and m its mass. The position q : R → R 3 of the particle is a function of time t ∈ R and d dt q(t) ≡q(t) =: v(t) denotes its velocity. We always assume that q ∈ C 2 (R) and v ∈ C 1 (R), i.e., the second derivative of t → q(t) and first derivative of t → v(t) exist and are continuous for all t ∈ R. The electric field E and the magnetic field B are represented as vector fields E = (E 1 , E 2 , E 3 ) and B = (B 1 , B 2 , B 3 ) with
Moreover, we introduce ϕ ∈ C ∞ (R 3 ) which is the charge distribution of the particle. That is, for all (
is the current density.
We assume in the Abraham model that the charge distribution ϕ satisfies the following properties:
As a result, we are able to couple the Maxwell equations with the Lorentz equation:
Definition 2.1. We call
the equations of motion for the Abraham model. Here (x, t) ∈ R 3 × R, and
. In addition, the fields E and B are smeared with the function ϕ in the last equation, that is,
Existence of solutions of the Maxwell-Lorentz system
We will denote by Y := (E, B, q, v) a state of the Abraham model, and define the set of states
and C 2 is the space of twice continuously differentiable functions. By imposing, in addition, the constraints on the set of states, we obtain the phase space of the model:
For future reference, we also introduce certain subsets of M. For any σ ∈ [0, 1] we say that Y ∈ M σ if Y ∈ M and there exist C, R > 0 such that for all |x| > R
We can rewrite the equation of motion for the Abraham model as a generalized differential equation
or equivalently via integration over the interval [0, t], t ∈ R:
Then we have the following statement:
Then the integral equation associated with the equation of motion,
has a unique solution Y (t) = (E(·, t), B(·, t), q(t), v(t)) ∈ M for all t ∈ R, which is continuous in t and satisfies
In [KS00] the phase space M is defined without the restriction to C 2 functions. However, it easily follows from formulas (2.16), (2.17) of [Sp] , that for initial conditions from C 2 also the solutions are C 2 . As the proof of Proposition 2.2 from [KS00, Sp] is restricted to the case t ≥ 0, let us briefly discuss the general case. We recall that the proof of the proposition starts from the equation for the Lorentz force (2.5) and uses formulas (2.16), (2.17) of [Sp] to express the r.h.s. by integral formulas involving propagators of the wave equation. For example, for t ≥ 0 one expresses the electric field as
where we omitted the x variable and G ret,t (x) := θ(t) 1 4πt
δ(|x| − t) is the retarded propagator of the wave equation. For t ≤ 0 this equation should be modified to
where G adv,t (x) := G ret,−t (x) = −θ(−t)
is the advanced propagator and the minus sign in (2.9), compared to (2.7), is needed to match the two formulas at t = 0. (Of course, the parts (2.8) and (2.10) cannot have such a relative minus sign, as they have to satisfy the same inhomogeneous wave equation). Thus a formula valid for all t ∈ R has the form
where G t := G ret,t − G adv,t is the causal propagator and the choice of the retarded or advanced propagator in (2.12) is correlated with the sign of t. The estimates involved in the later application of the Banach fixed point theorem in the proof of Proposition 2.2 are insensitive to the changes of the propagator discussed above. Thus one obtains a unique trajectory R ∋ t → q(t) and, via (2.11)-(2.12), the electric field. The magnetic field is treated analogously. Existence of the second derivative of t → q(t) and the first derivative of t → v(t) at t = 0 follows from the Lorentz force equation and the fact that the electromagnetic fields tend to E 0 , B 0 as t → 0 both along the negative and positive values of t. See also [Ha18] for the problem of existence of solutions of the Maxwell-Lorentz system for point charges for positive and negative times.
Soliton solutions
Proposition 2.2 gives the existence and uniqueness, but no concrete construction of solutions. To proceed, we consider a specific class of solutions, namely the charge solitons which represent charged particles with constant velocities v ∈ V. First, we define the following electromagnetic fields:
and define the electric field E v of a soliton with velocity v and the magnetic field B v of a soliton with velocity v ∈ V as
The corresponding momentum space expressions arê
(2.15)
, so the Fourier transformations 2 need to be understood in the distributional sense). Now the soliton solution is constructed as follows:
Proposition 2.4. [KS00, Sp] For any v ∈ V, the following family of states
is a solution of the Abraham model.
Long-time asymptotics
It turns out that a large class of solutions converges to soliton solutions for large times via emission of radiation. It is therefore convenient to define
where E v(t) (x − q(t)), B v(t) (x − q(t)), q(t), v(t) is the soliton approximation at time t ∈ R. We remark for future reference that the system of equations of the Abraham model can then be rewritten in the following form [KS00, Sp]
where
and is given by the solutions of the homogeneous Maxwell's equations in position space:
where F 1 , F 2 are the components of F and G t (x) = θ(t)
is the causal propagator. We note for future reference that in momentum spacê
The advantage of (2.17) is that the only implicit input on the r.h.s. is t → (q(t), v(t)). For large positive (+) or negative (-) times, the differences on the r.h.s. of (2.16) should give the scattered radiation field. Thus we write Z sc,± (x, t) = (E sc,± (x, t), B sc,± (x, t)), where
By definition, (x, t) → (E sc,± (x, t), B sc,± (x, t)) satisfy the homogeneous Maxwell equations. The long-time asymptotics of the Abraham model is now described by the following theorem. We remark that the proof given in [KS00,Sp] for t ≥ 0 generalizes to t ≤ 0, since the relevant estimates are not sensitive to the substitution G ret → −G adv , cf. also formula (2.18).
Theorem 2.5. [KS00, Sp] For |e| ≤ e, where e is sufficiently small, and Y (0) ∈ M σ for σ ∈ (0, 1] the following statements hold true:
1. The accelerationv satisfies |v(t)| ≤ C(1 + |t|) −1−σ for some C independent of t. Hence, lim t→±∞ v(t) = v ±∞ ∈ V exists.
2. For (E sc,± , B sc,± ) defined in (2.19), (2.20), we have
(The ±-signs above are correlated).
The assumptions of Theorem 2.5 are our standing assumptions in the remaining part of this paper.
A conservation law in position space
We denote by F the Faraday tensor, whose components are the electromagnetic fields E i , B j , i, j = 1, 2, 3. We set F(x, t) := lim |x|→∞ |x| 2 F (x, t) (if the limit exists) and denote by E, B its electric and magnetic components. . Then also F(x, t) := lim |x|→∞ |x| 2 F (x, t) exists for any t ∈ R and depends only onx in the first variable. Moreover, F(x, t) = F(x, 0). Remark 3.2. In M σ=1 there are many examples of initial data with slow, Coulombtype decay for which F(x, 0) exists.
Proof.
We treat only the electric field for t > 0, as the remaining cases are analogous. By (2.17), we have
Let us consider the contribution of E 1 . We obtain the chain of equalities below, which gives the existence of lim |x|→∞ |x| 2 E 1 (x, t), using the existence of an analogous limit for the initial data and a soliton solution. We will use in the first step the limit |x| → ∞ eliminates the q(0) dependence. We will also repetitively apply the dominated convergence theorem to exchange the limit with integrals. Its assumptions are verified using concrete formulas for the soliton fields and the fact that the initial data are in M σ , σ ∈ (0, 1].
The prime above denotes the derivative w.r.t. |y| and in ( * ) we used that
|x| 2+σ for σ > 0 as the initial data and the soliton solutions belong to M σ for σ ∈ (0, 1].
As for E 2 , we find
where we again made use of the fact that the initial data and the soliton solutions belong to M σ . Let us move on to the contribution of E 3 . First, we write
where we used that the limit (if it exists) eliminates the q(s) dependence. Next, we note the equality
Hence, making use of the rapid decay of E ′ v(s) , we find
where we used the Fubini theorem in the first step, in the second step we used the presence of the limit to eliminate the shift byŷ(t − s) and in the third step we noted that the integral w.r.t. s can be computed. By reading the above computation backwards, we obtain the existence of lim |x|→∞ |x| 2 E 3 (x, t). As for E 4 , we find 
A conservation law in momentum space
We recall that F is the Faraday tensor and we set F (k, t) := lim |k|→0 |k|F (k, t) (if the limit exists), whereF is the Fourier transform of F in space. We denote by E, B the electric and magnetic components of F . . Then also F (k, t) := lim |k|→∞ |k|F (k, t) exists for any t ∈ R and depends only onk in the first variable. Moreover,
Proof. Again, we consider only the electric field and the case t > 0. We recall formula (2.17)
The electric part has the form considered already in the proof of the previous theorem:
Using (2.18), we obtain in momentum spacê where we used in the second step lim |k|→0 e −ikq(s) = 1, lim |k|→0 cos(|k|(t − s)) = 1, lim |k|→0 sin(|k|(t − s)) = 0 and in the last step we noted that the integral w.r.t. s can be evaluated. This concludes the proof.
Soft-photon theorem
Now we are ready to state and prove our main result. We consider a solution R ∋ t → Y (t) of the Maxwell-Lorentz system satisfying the assumptions of Theorem 2.5. We denote by F sc,± the scattered electromagnetic fields and by F v ±∞ the soliton solutions corresponding to the asymptotic velocities. Proof. We provide the details only for the case of the electric field. For t > 0, the difference Z(x, t) − Z sc (x, t) yields by (2.17), (2.20), E(x, t) − E sc,+ (x, t) = Thus, we find by analogous arguments as in the proof of Theorem 4.1, and making use of the fact that t →v(t) is integrable (see Theorem 2.5), that
